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Abstract 

We investigate how the integrability conditions for conformal anoma- 
lies constrain the form of the effective action in even-dimensional quan- 
tum geometry. We show that the effective action of four-dimensional 
quantum geometry (4DQG) satisfying integrability has a manifestly 
diffeomorphism invariant and regularization scheme-independent form. 
We then generalize the arguments to six dimensions and propose a 
model of 6DQG. A hypothesized form of the 6DQG effective action is 
given. 
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1 Introduction 



Since quantum geometry (QG) is defined by functional integrations over 
the metric fields, diffeomorphism invariance in QG can equivalently be de- 
scribed as an invariance under any change of the background metric. This 
background-metric independence includes an invariance under a conformal 
change of the background metric. Thus, in even-dimensional QG well-defined 
on the background metric 1 1 |16|, conformal anomalies [[171H PSII play an im- 



portant role. Therefore, to preserve diffeomorphism invariance we must for- 
mulate an even- dimensional QG while considering that conformal anomalies 
always exist [|TJ-||TB|. 

Background-metric independence in two dimensions implies that QG can 
be described as a conformal field theory [3| . This idea can be generalized to 



an arbitrary numbers of even dimensions JTT], [H| [14|, [H| 16 1. However, as re- 
cently studied |H| [L4|, this generalization is not simple, because the traceless 
mode becomes dynamical in higher dimensions, so that higher- dimensional 
QG can no longer be described as a free theory. Furthermore, it has been 
found that the integrability condition of the conformal anomaly ^T], in- 
troduces a strong constraint on even- dimensional QG f?|, ||, |I4| . 

In this paper we further consider how the integrability condition of the 
conformal anomaly affects even-dimensional QG. We also settle the prob- 
lem of the regularization scheme dependence and show that the effective 
action has a manifestly diffeomorphism invariant and regularization scheme- 
independent form. 

This paper is organized as follows. In the next section we present the 
fundamental idea of how to preserve diffeomorphism invariance in even- 
dimensional QG and review how such an idea is realized in exactly solvable 
2DQG 0, 0, |J. In D > 4 dimensions, the integrability condition of the 
conformal anomaly not only restricts interactions of matter fields to confor- 
mally invariant ones, but also reduces the number of indefinite coefficients 



in the gravity sector How the integrability condition affects 4DQG 

is rediscussed in section 3. We then show that the effective action can be 
written in a diffeomorphism invariant and scheme independent form. A gen- 
eralization to six dimensions ||1~5|, |i~6|| is discussed in section 4. We show that 



Duff's scheme 191 is also useful to tame the trivial anomalies in six dimen- 



sions [p3[-p7[. We then propose a model of 6DQG that is based on the 



arguments concerning integrability made in the 4DQG case. Many indefinite 
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coefficients that result from the existence of many curvature invariants are 
fixed by enforcing the integrability, and a hypothesized scheme-independent 
form of 6DQG effective action is given. Section 5 is devoted to conclusions 
and discussion. 

We use the curvature convention in which R., v = R „ Xw and R x „„„ = 



2 Conditions of Diffeomorphism Invariance 

In this section we briefly explain how to realize diffeomorphism invariance 
in even- dimensional QG. 

QG is defined by functional integration over the metric field as 

where I is an invariant action and X is a matter field. In this paper we con- 
sider a conformal scalar without self-interactions, for example. The measure 
of the metric field is defined by the invariant norm 

< dg, dg > g = J d D x^fgg^ g Xa {dg^dva + udg^dgxa) , (2.2) 

where D = 2n and u > —1/D. This measure can be orthogonally decom- 
posed into the conformal mode and the traceless mode as 



< dcj>,d(j> > g = I d D x^g[d(\)f , (2.3) 

< dh, dh > g = J d D x^g~ tr{e- h de h ) 2 . (2.4) 

Here, the metric is decomposed as g^ v = e 2 ^g^ u and g^ u = {ge h )^ U) where 

//•(//) (i nio;. 

This definition is manifestly diffeomorphism invariant /background- metric 
independent. However, it is not well-defined because the measures of the 
metric fields defined by ( |2.3|) and ( |2.4|) have a metric dependence, represented 
by y/g, in the measures themself, so that we must integrate this dependence 
when we quantize the conformal mode 0. 
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Instead, we consider measures defined on the background metric as 



< d(f>, d<p >g= I d D x\Jg(d4>f , (2.5) 

< dh, dh > § = J d D xJg tr{ e~ h de h ) 2 . (2.6) 

This replacement, however, violates diffeomorphism invariance. In fact, these 
norms conformally change under a general coordinate transformation gener- 
ated by 5g^ u = g^\V u C, x + g u \^ , which can be decomposed as 

Sg„u = 9^xV^ x + g uX V^ x - -^V A £ A , (2.7) 

where the relation Va£ a = Va£ a is used. Therefore, these measures produce 
conformal anomalies PO] under the general coordinate transformation. 

As a lesson from 2DQG |3], |], [|, in order to preserve diffeomorphism 
invariance, we must add an action S as 

Z = / WU ^f X]s «H-SM - K.X.9)] ■ (2.8) 



where the measures of the metric fields are now defined by ( |2.5| ) and ( |2.6| ) . 

Let us now briefly see how background-metric independence constrains 
the theory provided by ( |2.8| ) . Background- metric independence for the trace- 
less mode represents the condition that g and h always appear in the com- 
bination g = ge h in [13]. This condition guarantees, at most, that the 



effective action has an invariant form on the metric g. 

Background-metric independence for the conformal mode requires that S 
satisfies the Wess-Zumino condition pj, defined by 



S(<f>,g) = S(u,g) + S(<l>-u,e lu g) . (2.9) 

Such an action is obtained by integrating the conformal anomaly within the 
interval [0,0]. Hence it satisfies the initial condition S(0,g) = and has a 
local form. In this paper we call this local action the Wess-Zumino action, be- 
cause condition fl2.9|) is essential in the arguments concerning diffeomorphism 
invariance. In two dimensions it is usually called the Liouville action M . The 
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well-known non-local forms of the integrated conformal anomaly are called 
Polyakov action [[jj] and Riegert action in two and four dimensions, re- 
spectively. Why we distinguish between the local and the non-local actions 
becomes clear below. 

Although the Wess-Zumino condition fixes the form of S, some overall 
coefficients remain to be determined. These coefficients should be deter- 
mined from the requirement of diffeomorphism invariance in a self-consistent 
manner. The process used to determine them is as follows. 

Under the general coordinate transformation, 51 = 0, while the Wess- 
Zumino action is not invariant and produces a conformal anomaly. This 
property results from condition ( [2.9|) . Diffeomorphism invariance is now re- 
alized dynamically in such a manner that 5S cancels conformal anomalies 
calculated with loop effects of the combined theory, X = S + I . In other 
words, we consider the regularized 1PI effective action T of the combined 
theory I and require ST = to determine S. This means that the tree ac- 
tion I is not manifestly invariant, but by including loop effects the effective 
action becomes an invariant form on the metric g. 

Here, it is worth commenting on the difference in the Wess-Zumino action 
defined by ( |2.9|) and the non-local Polyakov/Riegert action. The former pro- 
duces conformal anomalies under a general coordinate transformation, while 
the non-local Polyakov/Riegert action, which appears in the effective action 
due to loop effects, is generally defined by the condition that it produces 
conformal anomalies under a conformal change. 

As an exercise, let us first discuss 2DQG coupled N conformal scalars. 
The tree action in the conformal gauge is given by || £|, || 

1 = 47 / ^^(g^d^d^ + R4>) + I GF+FP + I M (X, g) , (2.10) 

where lu is the invariant action of the N free scalars. The gauge-fixing term 
and the Faddeev- Popov (FP) ghost action are given by [[JT| 



I GF+FP = i- j d 2 x^(-iB, v {r u - c,n + 2^"VV,c A ) > (2-11) 

where the reparametrization ghost c M is a contravariant vector. B^ v and the 
anti-ghost b^ v are covariant symmetric traceless tensors. The coefficient b is 
uniquely determined by diffeomorphism invariance. 
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Consider the effective action of 2DQG, which has the form 



r = I(4>,X,g)+W(g) , (2.12) 

where W is a loop effect that depends only on g because the measure is now 
defined on g. The condition of diffeomorphism invaraiance, 5T = 0, is now 
given by 

~ T I d2x ^ ujR + 5 " W (d) = , (2.13) 

where S^g^ = 2ug fU/ and uj = — |Va£ a . Here, 5W = 5 W W because W does 
not depend on the conformal mode 0. The second term on the l.h.s is just 
the conformal anomaly of the theory I. 

From one-loop calculations using the tree action X, we obtain the well- 
known non-local Polyakov action |TJ, 



= / d 2 xV$R-R , (2.14) 

907T J □ 



where N comes from scalar matter fields and this becomes N — 26 through 
the effect of the ghosts. The change in the coefficient from N — 26 to N — 25 
is due to a contribution from the conformal mode. 

As mentioned above, diffeomorphism invariance determines the coefficient 
b uniquely as || 

, 25 — N , 
b=—^. (2.15) 

Using the relation 

l r -o _ .„ , = „ l r .o ^=1 



24vr 



(fx^g^d^d^ + R<f>) + — [ d 2 x^R-R 

967T J □ 



= 96^/ d ^R^R , (2.16) 
the effective action can be reexpressed in a manifestly invariant form, 
_ N — 25 t ~ 1 



96vr 



J d 2 x^R-R + I M (X, g) . (2.17) 



Here, we have used the fact that the matter action is conformally invariant, 
so that I M (X,g) = I M (X,g). 
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3 4D Quantum Geometry 



Recently, we showed that there is a model of diffeomorphism invariant 
4DQG fll3"[, |14| . This model has many advantages in physics. In particular, 
it is renormalizable and asymptotically free. Also, it is capable of solving the 
cosmological constant problem dynamically without any fine-tuning, ||, p) 



and it naturally describes our four dimensional universe at the low-energy 
region and for large N. | However, the unitarity problem remains unsolved. 
In this paper we do not discuss the unitarity problem, which is expected to 
be solved dynamically |32|, |33|, |35], 111 . 



3.1 Tree action 



The tree action of 4DQG [13| is given by a proper combination of the 
Wess-Zumino action [0, |§ and the invariant action required by the integra- 



bility conditions discussed in |TJJ and also in the following subsection 3.3 



as 



X = — j-^ J d A xjg~{ + aF(j> + 260A 4 + &(<?--□£ 



+ — (2a + 26 + 3c)R 2 + C gf+ fp \ + I LE {X, g) , (3.1) 



where Cgf+fp contains the gauge- fixing term and the FP ghost Lagrangian 
defined below. The term Ile represents lower derivative actions which in- 
clude actions of conformally invariant matter fields, the Einstein-Hilbert ac- 
tion, and the cosmological constant term. The lower derivative gravitational 



actions are treated in the perturbation of the massive constants |10|, [12], [TJ 
The invariants F and G are defined by 



1 



G 



D T3iiv\cj r, p JDV I E>2 

ftiiv\oti — AK^ar + -k , 

p T)pLv\a a p pA*^ i p2 



(3.2) 
(3.3) 



In four dimensions they are the square of the Weyl tensor and the Euler 
density, respectively. The operator A4 is the conformally covariant fourth- 



2 In contrast to 2DQG, in which the classical limit is given by N — ► —00, the limit of 
positive large N gives the correct classical limit in 4DQG fiof . 
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order operator 0, 

A 4 = D 2 + 2i?^V M V, - + i(V^R)V M , (3.4) 

which satisfies A 4 = e _4 ^A 4 locally for a scalar. 

In the above, we introduce the dimensionless coupling t only for the trace- 
less mode as g^ v = {gG th )^ u and consider the perturbation of t. The kinetic 
term of the conformal mode comes from the Wess-Zumino action. Since the 
invariant R? terms in the Wess-Zumino action and the invariant action cancel 
out in our model, the self-interactions of <p appear only in the lower derivative 
actions in the exponential form, which can be treated exactly, order by order 



in t 14 



The gauge- fixing term and the FP ghost action are given by [[3^, Q . 

£gf + fp = 2*B»N^x u - QB^N^B" - 2ic^N llv VH^h\ , (3.5) 

where \ v = V A /i^ A , and is a symmetric second-order operator. The 
BRST transformations are given by 

8Bh» v = i{v»c v + V„c" - i^V A c A + tc x V x W v 

+\h\(V u c x - V x c u ) + ^(Wcx - V A c^) +••-}, 

5 B = itc x d X (f) + i- V A c A , (3.6) 
5 B c" = B» , 5 B B» = , 

The first two of these equations are obtained by replacing ^/t in the equa- 
tion for general coordinate transformation, (|2.7p , with the contravariant vec- 
tor ghost field id* '. The kinetic term of the ghost action then becomes t 
independent. This BRST transformation is nilpotent. Using this transfor- 
mation, the gauge-fixing term and the FP ghost action can be written as 

C-gf+fp = 2i5 B {c^N^(x v + I C£")} H- 

The important property of this tree action is that it transforms under the 
general coordinate transformation ( [2.7] ) as 

61 = j±- J d 4 x^ u{-a(F + ~ □ Rj - bG - c □ r} , (3.7) 
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where 

uj = -\tx^ ■ (3.8) 

In the case of the BRST transformation, £^ is replaced by it& . [] 

The □ R terms in ( |3.7|) depend on the regularization scheme. We use 
here Duff's scheme [19| of dimensional regularization characterized by the 
equations 

h J dP x^fgF = (£> - 4) J d D x^g<f>(F + ^Or) , (3.9) 
5^ J d D x^g~G = (D - 4) J d D x^g(f)G . (3.10) 

When we define the tree action X, it is taken into account that Duff's scheme 
will be used subsequently for computing loop effects of the effective action. 
As shown below, the scheme-dependent terms cancel out, and we obtain a 
scheme-independent effective action. 



3.2 Effective action 



As investigated in |14] , [] the regularized effective action of the theory X 



has the following form: 

T = I(X, 4>, g) + V NS (<f>, g) + W F (g, n) + W G {g) + W aR {g) . (3.11) 

Here, the first term on the r.h.s. is the tree action. V^s, Wp, Wq and Wur 
come from loop diagrams. The former represents corrections to the Wess- 
Zumino action, and the latter three represent corrections to the traceless 
mode h. 

Let us first consider corrections to the traceless mode. Here, Wp is the 
part that is associated with the conformally invariant counterterm of F; it 



3 Even in 2DQG, although we can set 6&T = if we use the flat background-metric 
and integrate out the fi eld, t he nilpotency of the BRST charge at the quantum level, 



after all, requires condition ( 2.15 ). Thus, the BRST invariance in even-dimensional QG is 
realized dynamically. 

4 Some errors in the form of the effective action in section 3.3 of ref. [H are corrected 
in this section. 
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can be determined by computing two-point diagrams of the traceless mode. 
In Duff's scheme, it has the following scale-dependent form: 

W F (jg,ri = jly 2 j d^Vs{-\c^log{^)c^ - ±R 2 } . (3.12) 

Here, the appearance of the R 2 term is due to our use of Duff's scheme. C is 
the Weyl tensor, and A% = D 2 + • ■ ■ is an appropriate conformally covariant 
operator for the Weyl tensor. Although the explicit form of is unknown, 



it is known that there is a function Wp that satisfies the equation |T8|, |3|, £5 



5W F faii)=5 u W F (3,ti) = jJ^ J ' d A x^g uj(f + Rj , (3.13) 

where 8 w g^ v = 2ug fiu , with ( p.8|) . Thus, Wp produces the type-B anomaly in 
the classification of |2"3| . 

The term Wq in (|3.11 ) is the part that is associated with the conformally 
invariant counterterm of G. It is called the non-local Riegert action, which 



produces the type-A anomaly, or the Euler density in the classification of [^3 
and it has the form 

where 

g = G~\uR. (3.15) 
As stated above, Wq produces the type-A anomaly as 

SW G (g) = d^Wctg) = J d A x^ uG . (3.16) 

The R 2 term is needed to realize equation (|3.16 ), which guarantees that Wq 
does not have any contribution to two-point diagrams of the traceless mode 
h in the flat background. This is consistent with the direct loop calculations 
of two-point diagrams of h. Hence, Wq is related to h 3 vetex corrections in 
the flat background. 

The coefficients / and e are scheme independent. They can be expanded 
by the renormalized coupling t T as 

f = fo + fit 2 + ■ • ■ , e = e + ei t 2 + • ■ • . (3.17) 
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Here, fo and eo have already been computed using one-loop diagrams as 



iV 199 1 N 87 7 

fo = + — , e = + , (3.18) 

J " 120 30 15 360 20 90 ' v ; 



where the first term in each coefficient comes from N conformal scalar fields [IS 



The second and the last terms come from the traceless mode [S3] and the 



conformal mode pl| , respectively. The coefficients fi and t\ are given by 
functions of a and b, to which not only two-loop diagrams, but also one-loop 
(but order t 2 ) diagrams contribute Ul4| . 

The beta function for the coupling t r is given by (3 = jtf. Since fo is neg- 
ative, 4DQG is asymptotically free. Here, note that, although background- 
metric independence implies an invariance under any confromal change of 
the background metric, the usual j3 function does not need to vanish. This is 
due to the fact that there exists a conformal anomaly, or the Wess-Zumino 
action. 

The last term in ( |3.11| ) is a scheme- dependent part, defined by 



u f — 
W nR (g) = -J^p J d'x^TgR 2 . (3.19) 

It is unknown whether this term is really necessary or not. In any case, the 
coefficient u is at most order t 2 , so that u = uit 2 + ■ - -. 



As computed in Jl4|], the correction V^s is scale-independent, and it 
merely changes coefficients a and b in the tree action into a = a(l + v a ) 
and b = b{l + Vb), where v a and Vb are order t 2 at the one-loop level. The 
implications of this fact are discussed in the following subsection. 

Now, the conditions for diffeomorphism invariance are given by the fol- 



lowing equations |L4|: 



a = f , b = e , c = u . (3.20) 

Since fx and t\ are functions of a and b, while f and e are constants 
independent of a and b, we can solve these equations perturbatively, order 
by order in t r . Note that the one- loop coefficients of v a and Vb are related 
to the order t 2 coefficients, fi and ei, of Wp and Wq. This is reasonable, 
because the Wess-Zumino action originally comes from the measure, and 
thus is essentially a quantum effect. Thus, one-loop contributions given by 
quantizing the Wess-Zumino action are related to two-loop contributions. 
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Substituting the solutions of ( |3.20| ) into the regularized effective action, 
the R 2 terms cancel out, and we obtain the scheme- independent and mani- 
festly invariant effective action, Q 




(3.21) 

Here, the Weyl action F is absorbed into the scale, \i. 



3.3 Two-loop integrability 

Here, we summarize the conditions of diffeomorphism invar iance discussed 
in ref . [EH . 



The condition that a theory can be made diffeomorphism invariant is that 
in the effective action, there is no action which produces a term that does not 
appear in the variation of the tree action SI, (|3.7| ) . Namely, diffeomorphism 
invariance implies that the action 

W&fafi) = J d 4 x^R\og^R (3.22) 

is not allowed, because this action produces R 2 under a general coordinate 
transformation. Further, a scale-dependent action including the conformal 
mode (p, for example 

V s {<f>,g,fi) = j^y 2 J dW#A 4 log(^0 , (3.23) 

is not allowed, because this action cannot be absorbed into the Wess-Zumino 
action by changing coefficients a and b, and it produces a term that is not in 
5X under a general coordinate transformation. 

In general, parts of the effective actions, other than that which produces 
the type-B anomaly, must be indpendent of the scale /i, as V^si Wq and 
Wur- The vanishing of r and s, at least to order t 2 , is demonstrated in a 
previous paper WM. We give this demonstration in the following. 



5 The possibility that an invariant R 2 term appears in the effective action is not ex- 
cluded. There is a possibility that such a term appears in Vns at order tf. 
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First, we expand r and s as r = r + r\t 2 + • • • and s = So + Sit 2 + • ■ •. 
The vanishing of tq is guaranteed in our model because at this order, only 
conformally invariant vertices contribute to the one-loop diagrams. This is a 
consequence of the fact that the invariant R 2 terms with the coefficients a, 
b and c cancel out, so that self-interactions of the conformal mode (ft do not 
appear in the tree action X, except in the lower derivative terms, such as the 
cosmological constant in the exponential form. This fact also implies Sq = 0, 
because there are no diagrams that contribute to so- 

The vanishing of si is proved directly by showing the finiteness of the 
self-energy diagram of <p [[TJJ. Here, the fact that there are no interactions 



of R 2 is also essential. Note that we cannot explain this result by using 
conformal invariance, because conformal invariance does not forbid that there 
exists the counterterm of 0A 4 0. It can be explained only by diffeomorphism 
invariance/background-metric independence. 

The background-metric independence for the conformal mode implies that 
Wr? and Vs are related in such a manner that s = implies r = 0. Thus, 
r% = is shown indirectly. 

A more direct demonstration of r\ — is as follows. Since there are no 
self- interactions of 0, two- loop diagrams that contribute to fi, g\ and r\ can 
be derived from the conformally invariant vertices of 260A40 and ^F, so 
that the contributions of two-loop diagrams to r\ vanish. However, there 
are contributions from one loop (but order t 2 ) diagrams, which include the 

vertices of aF(f), b(G — | □ R)4> and ^(2a + 2b + 3c)R 2 . Here, because these 
vertices, with the exception of the first one, are non-conformally invariant, 
we must pay attention to such one-loop contributions. 

As shown in JTS, the variation in the one- loop contributions to the 



effective action of our model is given by 

^W {1) (g) = -2Tr(cje~ e/c ) , (3.24) 

where e is a cutoff. The matrix operator K, is defined by the kinetic term 
|$*/C$ on an arbitrary background-metric g, where $ = (0, h^ u ,X). The 
^independent diagonal parts give the coefficients fo and eo- The off-diagonal 
parts, as well as the t-dependent diagonal parts, give contributions of order 
t 2 . Note that, unlike in the case of matter fields, we do not use the condition 
of conformal invariance for gravitational fields to derive this expression. We 
merely use the facts that K, is a fourth-order operator and there are no self- 
interactions of the conformal mode. If there are the invariant R 2 term with 
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the coefficients a, b and c, we cannot describe SJW^ 1 ' in such a simple form, 
because we do not introduce the coupling for the conformal mode <fi. That 
S^W^ 1 ' is expressed in the simple form such as the r.h.s. of ( |3.24 ) is a general 
property of 2n-th order operators in 2n dimensions, and such a quantity has 
been shown to be integrable [13, 14|. Thus, our model satisfies r% 



0. 



In four dimensions, integrability places strong constraints on QG. It seems 
that there is no 4DQG other than ours that overcomes the integrability con- 
ditions. Thus, 4DQG may be fixed uniquely according to the conformal 
matter content. 



4 6D Quantum Geometry 

In this section we show that the arguments concerning integrability in 
4DQG can be generalized to the six dimensional case. Since there are many 
curvature invariants in six dimensions, many indefinite coefficients appear in 
the definition of 6D action. However, we show below that many of them are 
fixed by the integrability. 



4.1 Duff's scheme in six dimensions 

Recently, six-dimensional conformal anomalies have been studied in de- 
tail p2l~p9|. In this subsection we summarize the results of these studies 
and then show that we can also apply Duff's scheme to the six-dimensional 
case. 

In six dimensions there are 17 independent curvature invariants. We here 
use the following bases P7fl : 

pvrt^ , K% = RR IMU \ a R' J ' uXcr , 

- R fll/ R\ a R flXcrl ' , K 6 = R llu R^ a/3l R ua,3 ' y , 
K 8 = R^R^R^ , K 9 = ROR , 
= R^ Xa UR^ , K l2 = RTVvtfuR , 
K u = (V x R^)WR uX , 
K m = UR 2 , K 17 = a 2 R . (4.1) 

The results for conformal anomalies are summarized as follows. There are 
ten independent integrable curvature invariants P7|. They provide a basis for 



K x - 


= R 3 , K 2 = 


RR 


K A ~- 


" K p K u K X > 




K 7 -- 


p a8 p Act p Lif 
~ 1X1 iiv n aP ""-Act 




K w 


= R^nRT , 


K n 


K 13 


= (V A iV)V A i^ 




K 15 


= (VA-R a /3 7 5)V A i? 
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the conformal anomalies in six dimensions. In the classification of ref. [^3 
the type-A anomaly is unique and given by the Euler density, 

G e = —K\ + \2K 2 - 3K 3 - 1QK 4 + 2AK 5 + 2AK 6 - AK 7 - 8K 8 . (4.2) 

Here, we normalize it as 



n — c c Aicr 1 A2<T2A 3 o-3 pMl^l DM2^2 73/^3^3 (A 0\ 

<-J6 — fc MiflM2^2M3^3 fc 11 A 1 cri- rl A 2 o- 2 - rl A3CT3 • \^-°) 



There are three type-B anomalies. They are locally conformally invariant 
in six dimensions: 

1Q 3 7 9 3 

F 1 = —K x - — K 2 + — K 3 + —K 4 - ~K 5 - -K 6 + K 8 , (4.4) 
800 160 40 3 16 8 5 4 6 8 ' v ; 

9 27 3 5 3 

F 2 = K x K 2 + —K 3 + -K A - -K 5 - 3K 6 + K 7 , (4.5) 

2 200 40 10 3 4 4 2 5 6 ^7, v ) 

F 3 = -^K 1 + ^-K 2 -^K 3 -K 4 + 6K 5 + 2K 7 -8K 8 
50 10 5 

+ ~K 9 - 6K 10 + 6K U + 3K 13 - 6K U + 3K 15 . (4.6) 
5 

Here, F\ and F 2 correspond to two independent combinations of the Weyl 
tensors, C aflu pC^C x a i and Cj v C^°C x f, respectively. F 3 gives the 
kinetic term of the traceless mode, which is expressed, up to a total derivative 
term, as C m ^(D6^ + AR» U - \R5^)C va ^ . 
The other six combinations are given by 

M 5 = QK 6 - 3K 7 + 12K 8 + K w - 7K U - 11K 13 + 12K U - 4iT 15 (4.7) 
M 6 = -~K 9 + K w + ~K 12 + K l3 , (4.8) 

M 7 = K 4 + K 5 - ^K 9 + ^K 12 + K u , (4.9) 

M 8 = ~K 9 + K n + 2 -K X2 + K 15 , (4.10) 

M 9 = K le , (4.11) 
Afio = K 17 . (4.12) 

These are classified as trivial conformal anomalies. 
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In order to treat the trivial anomalies M§ - ■ ■ M\q, unambiguously, we 
use dimensional regularization. Consider the conformal variations of the 
functions G 6 , Fi, F 2 and F 3 defined by the combinations listed above. In D 
dimensions we obtain the equations 

J d D x^G 6 = (D-Q)J d D x^G & (4.13) 

and 

5^ J d D x^F l = (D-6)J d D x v ^<f)(F i + ^2^nM n ] (z = 1,2,3) , (4.14) 

n=5 



where 



[21,5, z i,6, Zij, 21,8, 21,9, 21,10] - [Y6' _ 80' 16' 40' 3200' ^ 

[22,5, 22,6, 2:2,7, ^2,8, 22,9, 2 2 ,io] = [— ~, ~ — , ~ ~, ~ — , ~ , 0(4-16) 

1 14 39 3 

[23,5, 23,6, 23,7, 2 3)8 , ^3,9, Z 3j i \ — [1, -, 3, — , -J . (4.17) 

Here, note that the r.h.s. of equation ([4.14 ) is expanded in terms of Fi itself 
and the trivial conformal anomalies. This equation suggests that Duff's 
scheme also works well in six dimensions. 



4.2 Tree action 

Let us first look for a conformally covariant sixth-order operator in six 
dimensions |15|]. It can be expanded in terms of the 21 independent operators, 
apart from the d 3 term, as 

A 6 = D 3 + ViRrV^VvU + v 2 m 2 + v 3 {V x R^) v A v M v, 
+v 4 {V x R)V x n + v 5 {V^R)V^V u + v 6 {OR^)V^ u 
+v 7 (nR)o + vsR^R^V^v + vgR^R^n 
+v w R^R% U V,V„ + v u R^R\V,V u + v 12 R^R flu D 
+v 13 RR^V„V v + v u R 2 n + Ul5 (V A OR)V A + v l6 R a ^(WR a/3 ^)V u 
+v l7 R^ Xa {V li R uX )V (7 + v ls R^R vX )V x + v^R^{V x R^x 
+v 20 R fll/ (V fl R)V v + v 21 R(V x R)V x , (4.18) 
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From the requirement that S^y/gA^Y) = is satisfied locally for a scalar Y, 
the coefficients are determined as follows: 

Ui = 4, v 2 = -l, v 3 =4, v 4 = , f 5 = , w 6 = 4 , 

3 3 
v 7 = -- , v 8 = Ci , ^9 = C2 , uio = Ci , «u = 6 - -Ci , 
5 4 

«i2 = -1 + gCi - c 2 , via = -2 + -Ci , v u = — - — d + — c 2 , 
2 1 

«15 = T , v 16 = Cl + 4( 2 , U17 = -Cl > Vis = 6 + -Cl , 

5 4 

V19 = -2 - -Ci - 2C 2 , U20 = 1 - ^Ci , «2i = + |j& + JC2 • (4.19) 

In six dimensions, Ag is not unique, as the two constants Ci and C2 are not 
determined by the conformal property alone. The terms with these arbitrary 
constants are collected, using the Weyl tensor, in the forms CiV^C^^C 1 ^ 7 V^) 
and C2V A (C a/37< 5C a/3 ^V A ), respectively [0. 

Next, we look for a combination of Gq and M n that satisfies the following 
conformal property locally: 

sJy/g(G 6 - £ %M n )l = 6^A 6 . (4.20) 

^ n=5 ' > 

This equation determines the coefficients w n uniquely for each A 6 with Ci 
and (2 as 

11 3 

u>5 = l + ^Ci> w 6 = 11 + 2C1 - 3 C2 , w 7 = -6--Ci, 

«. = i + Ci + 36, - 8 = -^ + 4c 1 + |c 2 , «*, = §C«i) 

Using equation ( |4.20|) , the Wess-Zumino action defined by integrating the 
conformal anomalies within the interval [0, 0] are expressed in the form 

f d 6 X [* #V^(E G i f F * + E ^,« M n) + &G 6 + C nM n 
i7r J J J ° ^i=l ^ n=5 ' 10 



(4 
(4 



I f 3 _ , _ 10 

— / d 6 x^ 2 + 360A 6 + 6(G 6 - £ w„M n 

l 'i=l ^ n=5 

, Ef=i (HZi, n + bw n + c n f 6 / _= x 

+ E (4^3 7 d X (^n - VgLn) ■ 
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Here, the L n are local functions given by integrating the M n as 

h J d 6 x^L n = J d 6 x^(PM n (4.22) 

such that 

L 5 = —K x - -K 2 + K 6 , L & = —K x - —K 2 , 
5 3Q 4 -r 6 , b 100 i 20 ' 

37 7 111 

ir = 6000 A '' - 150 + 75 ^ - V5 K > - 15*« ' < 4 23) 

L 8 = —K x - — K 3 , L 9 = -—K x , L 10 = —Kx - — K 9 . 
8 150 20 ' 30 300 20 

As discussed in the case of 4DQG, the integrability condition suggests 
that the sixth-order parts of the invariant action / should be chosen such 
that the invariant L n terms cancel out in the sum X = S + I. Hence, we 
obtain a 6DQG tree action analogous to that in 4DQG as 

1 = J^J d6x Vd{-^(F3 + axFx + a 2 F 2 )+J2a i F i (l ) 

+360A 6 + 6 (<5 6 -X> n M n W (4.24) 

^ n=5 ' 

10 , 3 v , 

_ S ( £ a ^>™ + bw n + c n )LA + I LE (X, g) . 

n=5 \=1 ' ' 

Here, we introduce the dimensionless coupling t, as in 4DQG. In six dimen- 
sions, two extra dimensionless constants ax and a 2 , in addition to (i and ( 2 
in A 6 and w n , appear. These constants are not fixed by the arguments of 
the integrability. The constants t, ax and a 2 are renormalized, but Ci and ( 2 
may not be. 

Under a general coordinate transformation, this action changes according 

to 

6I= 7T^ /^v^^{-Ea/^ + E^nM n )-6G 6 -^c n M n ), (4.25) 

l 47r J J ^ i=l V n=5 ' 10 ' 

where 

o 
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4.3 Effective action 

It is expected that the effective action of this model has the form 

3 10 

T = 1(X, 0, g) + W G6 (g) +J2W Fi (g,n) + J2 W Mn (g) , (4.27) 

i=l n=5 

where the tilde on X denotes the inclusion of finite corrections to the Wess- 
Zumino action described by V^s in the four- dimensional model. Here, Wq 6 
is the generalization of the non-local and scale-independent Polyakov-Riegert 
action [23[ p5|. We find its complete form as 

e r ( 1 - 1 10 -1 

w gM = J d'x^l-g^g. + Y.WnlA , (4.28) 

where 

10 

£e = G 6 - WnM n . (4.29) 

n=5 

This produces the type-A anomaly, 

SWgM = S u W GB (g) = J (fx^g uG 6 , (4.30) 



where S^g^ = 2ujg llU} with ( |4.26|) . This equation is realized for arbitrary 
values of £i and ( 2 - These constants, as well as e, are determined according 
to matter content. 

The action W Fi , which produces the type-B anomaly in Duff's scheme, is 
defined by 

w Fl (g,fi) = fi(w Fi (g,fi) + E 7^3 / d^Ln) ■ (4.31) 

The L n terms appear in Duff's scheme. W' F . is a scale-dependent part defined 
through the equation 

^W' Fi (g,v) = J d e x^ uFi . (4.32) 

It is known that the coefficients e and fi are independent of the regularization 
scheme. 
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The remaining action, Wm^ is a scheme- dependent part defined by 

u f — 
WmM = J^yj d 6 x^L n . (4.33) 

This action produces a trivial anomaly, M n . As in 4DQG, it is unknown 
whether this action is really necessary or not. Since the vertices of the tree 
action at zeroth order in t is conformally invariant, the coefficients u n will be 
at most order t 2 . 

The conditions for diffeomorphism invariance are now given by 

di = fi , b = e , c n = u n , (4.34) 

where the tildes on and b indicate the inclusions of corrections to the Wess- 
Zumino action. As in 4DQG, the scheme-dependent terms, L n , cancel out, 
and the final expression takes the invariant and scheme-independent form 

J cfx^g lg 6 ^g 6 + J2fiW' Fi (g,ii) + I LE (X,g) . (4.35) 



(4 



The matter contributions to the coefficients e and fi are computed in refs. [f26 



5 Conclusions and Discussion 

In this paper we have discussed how the integrability conditions for con- 
formal anomalies constrain the form of the effective action of even-dimensional 
QG. We showed that the effective action of 4DQG satisfying such inte- 
grability conditions has a manifestly diffeomorphism invariant and scheme- 
independent form. We then generalized the arguments to six dimensions and 
proposed a model for 6DQG. The expected scheme-independent form of the 
effective action was presented. 

Now, the role of conformal anomalies in even-dimensional QG is naturally 
understood in terms of background-metric independence/diffeomorphism in- 
variance. In D = 2n (> 4) dimensions, unlike the case for 2DQG, there is no 
critical matter content where the Wess-Zumino action vanishes. Thus, 2n- 
dimensional QG is to be necessarily 2n-th order, because of diffeomorphism 
invariance. 
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Background-metric independence does not require the vanishing of the 
usual beta functions in D > 4 dimensions, though it implies invariance under 
any conformal change of the background metric. This is due to the fact 
that there exist conformal anomalies, or the Wess-Zumino action, in even 
dimensions. We believe that conformal invariance in physics should be re- 
interpreted in terms of diffeomorphism invariance. In this case, the problem 
of dependence on the regularization scheme would disappear. 

In odd dimensions, because there is no conformal anomaly, background- 
metric independence seems to require the theory to be finite. In three di- 
mensions the Einstein-Hilbert+cosmological constant action is written in 
the Chern-Simons action, and its quantum theory is expected to be topo- 
logical P7[. However, for D > 5, it is unknown whether odd-dimensional 



QG exists or not. Since in odd dimensions, we cannot introduce a dimen- 
sionless coupling constant, it seems necessary to make the theory super- 
renormalizable. 

There is another approach to QG based on dynamical triangulation in 
two [|38], |39|, |I| and four dimensions [41], [42], [|3|, fjflfl . It is expected that 
our model is obtained in the continuum limit of such a simplicial QG. In 
this paper we do not discuss quantum corrections of the lower-derivative 
grvitational actions. The anomalous dimensions of the gravitational constant 



and the cosmological constant are needed to compare the two methods |T0 



14]. A project involving detailed comparison in 4DQG between them has 



started 43 



Finally, we comment on dimensional regularization. Because dimensional 
regularization violates conformal invariance in general, it is not a suitable 
regularization for a theory in which conformal invariance plays an important 
role. Nevertheless, dimensional regularization is still useful, because this 
violation is quite small and it is expected to give correct results for sufficiently 
higher order loops 1 44 ] . 

There is an assertion that, when using dimensional regularization, we can 
regularize QG defined by ( |2.1| ) in a manifestly diffeomorphism invariant way 
if we take great care concerning the conformal mode dependence ||. At 
present, the relation between this approach and ours is unknown. Detailed 
analyses of this relation are important to prove renormalizability to all orders. 

The beautiful relations obtained among integrable curvature invariants in 
D dimensions seem to suggest the validity of dimensional regularization. Our 
model, at least up to order t 2 r , gives correct results because of the finiteness 
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of the self-energy diagrams of 0, which implies that our model is rather 
insensitive to the conformal mode dependence. Whether or not the derived 
effective action at higher order is acceptable will be decided by the condition 
that it possesses a scheme-independent form and does not contain terms that 
violate diffeomorphism invariance, such as ( p.22|) and (|3.23|) . 
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